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An exact  solution of the N a v i e r -  S tokes  equat ions  i s  p re sen ted  for the flow of a v i scous  
heat -conduct ing chemica l ly  r eac t ing  mix tu re  of g a s e s  in a two-d imens iona l  expanding chan- 
nel. The condit ions for the ex is tence  of an exact  solution of the source  type are :  the chemi-  
cal r e ac t i ons  mus t  be equ imolecu la r  in an equi l ibr ium m i x t u r e  of gases ,  and they m u s t  be 
second o r d e r  forward  and backward in a nonequi l ibr ium mix tu re .  Numer ica l  r e s u l t s  a r e  
obtained for  the flow of a four -component  equi l ibr ium mix tu re  of g a s e s  in a two-d imens iona l  
nozzle for va r i ous  Mach number s  (M) and Reynolds  number s  (Re). 

1. The ex i s tence  of an exact  solution of the Navi .e r -Stokes  equat ions for  the in te rna l  flow of a v i s -  
cous c o m p r e s s i b l e  gas  was f i r s t  e s t ab l i shed  by Wi l l i ams  [1}. t l i s  exac t  solution d e s c r i b e s  gas  flow in a 
conical  nozzle with a special  hea t -  and m a s s - t r a n s f e r  law. Byrkin  [2] gene ra l i zed  the Hamel solution to 
the flow of a v i scous  c o m p r e s s i b l e  gas.  Shchennikov [3] cons t ruc ted  a c l a s s  of exact  solut ions of the Navi- 
e r - S t o k e s  equat ions  which includes  the r e s u l t s  of [1, 2] a s  specia l  cases .  

The p r o c e d u r e  de sc r ibed  in [3] can be gene ra l i zed  to the flow of a chemica l ly  reac t ing  m i x t u r e  of 
ga se s .  

We cons ider  two-d imens iona l  flows of an m-componen t  chemica l ly  r eac t ing  m i x t u r e  of g a s e s  consis t -  
ing of v chemical  e l emen t s .  

The system of equat ions de sc r i b ing  the flow can be wr i t ten  in the following vec tor  form: 

the equat ions  of motion 

p(V-V) v=--vp+I/3v(~v~')-F,~Av-t-v(v,a.v)  - v  x (v~ x V ) - - V A ~  

the equation of continuity 

V (pV) : 0 

the equation of conservat ion  of energy  

pv.  v ~ c , ~ h ~  - -  (V. V) p = v (~VT) --  %~ (vv) ~ q- ~,a (v) ~ - -  
a = l  

m 

- -2~V.V(VV)+ 2~AV x (V X V)--~(V x V) 2 -  ~ A(J~h,) 

the equat ions  of conserva t ion  of chemica l  e l emen t s  

m 

Y, n~V(,c~V + s ~ ) =  0 
a t ~ l  

m 

(~=t ,  2 . . . . .  v - - t )  
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the equations of chemical  equilibrium for an equilibrium mixture 

~n 

Kv~ = P~ I I  G ~ (3 -- t, 2 . . . . .  m -- v) 
C t ~ l  

b = , ' : ~  - , ~ ,  a = ~ b 

For  a nonequilibrium mixture of gases ,  m - v equilibrium equations are  replaced by m - v equations 
for the diffusion of the chemical components [4]. 

N 

m rn 

The Stefan-Maxwell  equations are  [5] 

m - - m . -  

( ~ m ca -r3 D.~ T ,3 (~ = t ,  9 m - -  t )  + v h ~ r  y, ~ q . . . . . .  

: t  = 1 ,  a : r ~  Cj3 

r n  

a = l  

The equation of state i s  
7~ 

p = [)RT ~ G 

Here V, P, p, T,/~,and ~ are respect ively  the velocity, density,  p re s su re ,  t empera ture ,  viscosi ty,  
and thermal  conductivity of the mixture of gases ;  co~, h a ,  D a f  t ,  D T, and J a  are  respect ive ly  the concentra-  
tion, specific enthalpy, the binary and thermal  diffusion coefficients and the diffusion current  density for 
component a ;  nTa is the number of a toms of chemical element T in component a ;  v~. B ~v,, aflJ are the stoichio- 
m e t r i c  coefficients of the a th  and flth forward (backward) react ion;  Kpfl is the equilibrium constant of the 
~th reaction; t~fl and Kbc z are  the react ion r a t e s  of the flth forward and the ath backward react ions;  R is 
the universal  gas constant;  V is the Hamilton opera tor ;  A =V 2 is the Laplacian opera tor ;  N is the number - 
of nonequilibrium chemical  react ions  

G = c~13I~, J~=J~ /M~ 

.~/a is the molecular  weight of the ath component. 

The system of equations is completed by using the thermodynamic  relat ions for the t rans fe r  coeffi- 
cients and writing ha ,  Kpfl, Kffl ,  and Kba as functions of the tempera ture .  

2. We seek a t ransformat ion  of coordinates  and unknown functions leaving the initial system of equa- 
t ions and the functional re la t ions completing it invariant.  We consider  a scale t ransformat ion  

x=x*~,  y=y*~] 

c p = q ~ * c D  ~ (q~ = u, v, p, p, T ,  . .  .) 

Calculation shows that the required t ransformat ion  has the form 

= ~ = i/C, J ~ ~  p ~ 1 7 6  = C, D J =  t/C (2.1) 

where C is an a rb i t r a ry  constant. 

The following conditions must  be satistied: 

for equilibrium chemical reac t ions  
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a = 0 (2.2) 

fo r  nonequi l ibr ium chemica l  r e a c t i o n s  

fl = s = 2 (2.3) 

Assuming  C ~ 1, which is  the condit ion that  the t r a n s f o r m a t i o n  (2 .1 )be  nont r iv ia l ,  we obtain 

p x =  p* (z), p x = p * ( z )  J ~ x =  Ir D ~ p  = d ~ ( z )  (2.4) 

where  z = y/k. 

Condition (2.2) is the r e q u i r e m e n t  that the equi l ibr ium chemica l  r e a c t i o n s  be equ imo lecu l a r ,  and (2.3) 
s t a t es  that in the nonequi l ibr ium case  the fo rwa rd  and backward  r e a c t i o n s  a re  second o r d e r .  

Substi tuting the s e l f - s i m i l a r  solution (2.4) into the equat ion of continuity we obtain 

zu (z) = v (z) (2.5) 

It fol lows f rom t2.5) that  the solution (2.4) c o r r e s p o n d s  to flow f rom a source  at the or ig in .  

If we l imi t  our  d i s c u s s i o n  to the flow within a plane d ihedra l  angle and take account  of(2.5),  the solu-  
t ion (2.4) d e s c r i b e s  a constant  flow ra t e  along the channel .  In this  case  the x axis  is  the longitudinal  c o o r -  
dinate .  

It  is  shown that  as  in the Hamel  solution,  the solution found can satisfy the condit ion of adhes ion to 
the channel wal ls ,  and the p rob lem of fo rmula t ing  o the r  boundary  condi t ions  is d i s cus sed .  

3. We change to polar  c oo rd i na t e s  r ,  0 .  Using (2.4) and (2.5),we seek a solution in the form 

v~=w(0),  p=r-*p*(O) ,  h~=h~(0)  

v 0 ~ 0 ,  p = r - l p  *(0), c ~ = G ( 0 )  

T = T (O) ,  D~;~=p-ld~(O),  la=lx(O) 

Da T == Da T (O), Kv~ = Kv~(O), Ksi = Kji(0) (3.1) 

Kbi=K~i(0),  ~,=},(0), J,~ = r -U , (0 ) ,  J~o=~O 
(a,[~=t, 2 . . . . .  m; l = t , 2  . . . . .  ~--,a; i = 1 , 2  . . . . .  N) 

w h e r e  V r , J a r ,  v0,  and Jao 
c u r r e n t  dens i ty  of  componen t  or. 

The las t  of  Eqs.  (3.1) i s  a consequence  of  the S t e f a n - M a x w e l l  r e l a t i o n s  r e s o l v e d  along the 0 d i r e c -  
tion. 

a re  r e s p e c t i v e l y  the rad ia l  and angular  componen t s  of the ve loc i ty  and diffusion 

The d i m e n s i o n l e s s  f o r m s  of the equa t ions  d e s c r i b i n g  s e l f - s i m i l a r  flow in polar  c o o r d i n a t e s  a r e  

P* Re + • [ d ( ~  ~ 0  ) - 4  -~ ~tw] = 0 (3.2) 

the equa t ions  of  mot ion  

[ 4 dp.w dw) n dp* 
\3 dO 4- ~t-~- ~M ~ - n e ~ = 0  (3.3) 

the equat ion of conse rva t ion  of ene rgy  

d [ cp dT . M ' ,  dw~ t ~ I j ~ ] = 0  (3.4) 
[l Pr dO t ~ t ~ - - t )  U dO Sm 

the equa t ions  fo r  the diffusion of chemica l  e l e m e n t s  

d I~, 
n,~ ~ = 0 (~ = 1, 2 . . . . .  v--  1) (3.5) 
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the  S t e f a n - M a x w e l l  r e l a t i o n s  

de a 11 
: : t ~  1 

(3.6) 

~] p*da3 c a el, dO \ ca ] 
a = l ,  a : f I 3  : - -  = 

I dO ~ DoT - -  1 )  
a~l,ar P*da5 \ ca c5 ) (B=t ,  2 , . . . ,  m 

m 

~] I~ :--0 

the  equa t ion  of  s t a t e  

(3.7) 

7tl 

p * = p * T  ~ ] ~  (3.8) 

the  e q u a t i o n s  of c h e m i c a l  e q u i l i b r i u m  for  an e q u i l i b r i u m  m i x t u r e  

r n  

~-0 (ln Kp)) = ~ (v::z - -  v:5 ) d (ln ~,~) (.3 = t, 2 . . . . .  m -- v) 
a = l  

(3.9) 

the  e q u a t i o n s  fo r  the  d i f fu s ion  of  the  c h e m i c a l  c o m p o n e n t s  fo r  a n o n e q u i l i b r i u m  m i x t u r e  

d--g- = ReSin ~, (v:,~--v:~) Kf~I- I c z ' - K ~  cV" (P*)~ 
~=1 [=1 l=l  

( u  = t ,  2 . . . . .  m - -  v )  

(3.10) 

In w r i t i n g  the  d i m e n s i o n l e s s  e q u a t i o n s  the  r e f e r e n c e  q u a n t i t i e s  w e r e  c h o s e n  a s  

w0, P0*, To, go, ~,o, %~ P0* -- P,*RT0 D~0 = (po*) -I d~.~0 

equa l  to the  v a l u e s  of  t h e s e  q u a n t i t i e s  a t  0 = 0. H e r e  )'0, ~0, and c_ a r e  r e s p e c t i v e l y  the  t h e r m a l  conduc t iv -  
i t y ,  v i s c o s i t y ,  and s p e c i f i c  hea t  at c o n s t a n t  p r e s s u r e  of the m i x t u r ~  of g a s e s  

p,,*,*'o P r =  %J~o S i n =  po 
Re - -  ,no ' Xo ' po*Da~ o ' 

f l , ] 2 . =  w0~- ( Cp, Cp - -  R )  
xJ'~To x = - - ,  cv. = ( va 

w h e r e  Re i s  the R e y n o l d s  n u m b e r ,  P r  i s  the  P r a n d t l  n u m b e r  for  the m i x t u r e  of g a s e s ,  Sm i s  the Schmidt  
n u m b e r  c a l c u l a t e d  f rom one of the c h a r a c t e r i  s t i c  b i n a r y  d i f fu s ion  c o e f f i c i e n t s  of  the  m i x t u r e ,  e . g . ,  the 
l a r g e s t ,  and M i s  the  Mach  n u m b e r .  

Le t  us  d i s c u s s  some  g e n e r a l  p r o p e r t i e s  of the  s e l f - s i m i l a r  so lu t i on  (3.1). 

We add (3.3) to the  d e r i v a t i v e  o f  (3.2). The  so lu t ion  of the r e s u l t i n g  d i f f e r e n t i a l  equa t ion  

d'-' / d~ " " dw 
~o~ I ~ VO- T- a - ~  = 0 

i s  

d / z  ~ 
,u.-~ = Acos(0 0) 

w h e r e  A and ~a a r e  a r b i t r a r y  c o n s t a n t s .  

F o r  s y m m e t r i c  f low wi th in  a t w o - d i m e n s i o n a l  noz z l e ,  i . e . ,  dw/d0 = 0 at  0 = 0, we have  by us ing  (3.2) 
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li dw/dO = A sin 0 
( A  : 4,.'a ~ �9 f i e  / ( •  

We r e q u i r e  that the adhes ion  condi t ion  be sa t i s f ied  at 0 = 0 w, where  0 w is  the h a l f - a n g l e  opening  of 
the nozz le ,  i .e . ,  w(0~) : 0. We obtain  f rom (3.2) an e x p r e s s i o n  for  the p r e s s u r e  at the nozz le  wal l ,  

p~* = p* (0~) = --  (• ~ / Re) A cos 0~ 

f rom which it  fol lows that  

0,~ < n12 

The adhes ion  condi t ion at the nozz le  wal l  can be sa t i s f ied  by taking A < 0, i . e . ,  when 

Re > 4/:~ • 2 

In t eg ra t i ng  (3.4) once and u s ing  (3.5) g ives  

ttL 

Sma cp dT . ' Pr dO ; ( •  I)M2AwsiI~O -- ~ I f l t~ --: C* (3.11) 
C(: .1 

where  C* i s  an i n t eg ra t i on  cons tan t .  F o r  s y m m e t r i c  flow C* : 0. Us ing  C*= 0 i t  fol lows f rom (3.6) that the 
condi t ion that the wa l l s  be nonca t a ly t i c  [Ic~(0 w) = 0, a = 1, 2 . . . . .  m]  i s  sa t i s f ied  only for ad iaba t i c  wa l l s ,  
i . e . ,  when (dT /dO~v= O. 

We note ano ther  p r o p e r t y  of the ~ l f - s i m i l a r  so lu t ions .  It fol lows f rom (3.5) that 

r n  

~ n = j ~ , = C : "  U : : t , 2  . . . . .  v - - i )  (3.12) 

where  the C}* are  i n t eg ra t i on  cons t an t s .  Tak ing  account  of the s y m m e t r y  of the flow cond i t ions  we find 
that  C~*= 0, i .e . ,  the c o n c e n t r a t i o n s  of chemica l  e l e m e n t s  r e m a i n  cons tan t  d u r i n g  the flow. 

4. Let  us  cons ide r  in m o r e  de ta i l  a scheme for  ca l cu la t ing  the s y m m e t r i c  flow of an e q u i l i b r i u m  m i x -  
t u r e  of g a s e s  in a t w o - d i m e n s i o n a l  nozzle .  We s ta r t  with Eqs.  (3.6)-(3.12).  

We a r b i t r a r i l y  divide  the p rob lem into d y n a m i c a l  and d i f fus ion  p a r t s .  The f i r s t  r e l a t e s  to the equa -  
t i ons  of mo t ion  and c o n ~ r v a t i o n  of ene rgy ,  and the second to the r e m a i n i n g  equa t ions .  The condi t ion  that  
the r e a c t i o n s  be e q u i m o l e c u l a r  p e r m i t s  a solut ion of the d i f fus ion  pa r t  of the p r ob l e m in  the form of con-  
c e n t r a t i o n s  as  func t ions  of the t e m p e r a t u r e .  By subs t i tu t ing  th i s  so lu t ion  into the equa t ion  for the c o n s e r v a -  
t ion  of ene rgy  we seek a solut ion of the p r o b l e m  as  a whole. 

We wr i t e  the solut ion of the equa t i ons  for  the d i f fus ion  pa r t  of the p r ob l e m (3.6)-(3.9),  (3.12) in the 
form of concen t r a t i on  g r a d i e n t s  and d i f fus ion  c u r r e n t  dens i ty  componen t s  as  func t ions  of the t e m p e r a t u r e  
g r a d i e n t  

d c ~ / d O = ] ~ ( c ,  . . . .  , c , ,  T ) d T / d O  (:t=~, 2 . . . . . .  ~) (4.1) 

L, = F~, ( c ~ , . . . ,  cm, T) d T  / dO (~ = t, 2 . . . . .  m) 

Using  (4.2) we have from (3.11) 

dT S m  Pr :11~ (•  - -  t )  Au, sin 0 
dO m 

% Smp. -- Pr ~ Fat~ a 

(4.2) 

(4.3) 

The p rob l em can be solved n u m e r i c a l l y  by i n t e g r a t i n g  the sys tem of o r d i n a r y  d i f f e r en t i a l  e qua t i ons  
(3.10), (3.11), (4.1), and (4.3) by a s t andard  n u m e r i c a l  method .  

The  s y m m e t r y  of flow cond i t ions  for  0 = 0 

d e  a d T  d w  
aO = 0  (= - 1 . 2  . . . . .  m), dO ~ 0 

and the adhes ion  condi t ion w = 0 at O = 0 w can be used as  bounda ry  condi t ions .  
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The  n u m e r i c a l  so lu t ion  i s  o b t a i n e d  in the  p r o c e s s  of i n t e g r a t i n g  the s y s t e m  of  e q u a t i o n s  f rom 0= 0 to 
9 = 0 w, wi th  W(0w)= 0. I t  f o l l o w s  f r o m  (4.3) tha t  then (dT/d0)w= 0, i . e . ,  the  a d i a b a t i c  cond i t ion  ( n o n c a t a l y t i c  

wa l l s )  i s  s a t i s f i e d .  

5. A s  an e x a m p l e  we p r e s e n t  the r e s u l t s  of  n u m e r i c a l  c a l c u l a t i o n s  of the f low of  an e q u i l i b r i u m  m i x -  

t u r e  of g a s e s  c o n s i s t i n g  of the  fou r  c o m p o n e n t s  H 2, H20, CO, and CO 2. We a s s u m e  tha t  the  fo l lowing  e q u i -  

m o l e c u l a r  r e a c t i o n  o c c u r s  d u r i n g  the f low: 

IL.O - t  CO ~ CO~ + H2 

The  e q u i l i b r i u m  cons t an t  of t h i s  r e a c t i o n  can  be w r i t t e n  a s  the  r a t i o  of the  e q u i l i b r i u m  c o n s t a n t s  of  

the  r e a c t i o n s  

2H20 ~ 2 1 L - i -  02, 2 C 0 - -  02:z~2C02 

and i s  r e l a t e d  to the  c o n c e n t r a t i o n s  of the  c h e m i c a l  c o m p o n e n t s  by the fo l lowing  e q u i l i b r i u m  equa t ions :  

Kp = c1c2  / ('3~4 (l:l - :  oH,O,  c~ = Cco,  ca = Cco  ,, c, ~ Cli,) 

The  v i s c o s i t y  of the  m i x t u r e  w a s  c a l c u l a t e d  by f o r m u l a  [61, and the P r a n d t l  n u m b e r  of the  m i x t u r e  i s  

Pr = c~, / (1.204 cp + t.47) 

w h e r e  c~ i s  the s p e c i f i c  hea t  of  the m i x t u r e  of g a s e s .  The  s p e c i f i c  h e a t s  and e n t h a t p i e s  of the  c o m p o n e n t s  
w e r e  c a l c u l a t e d  by us ing  the i n t e r p o l a t i o n  f o r m u l a s  g iven  in [7]. 

N u m e r i c a l  c a l c u l a t i o n s  w e r e  p e r f o r m e d  for  T(0) = 1700~ and no t h e r m a l  d i f fus ion .  The r e s u l t s  of 
the  c a l c u l a t i o n s  a r e  shown in F i g s .  1-4.  F i g u r e  1 shows  the  r e d u c e d  t e m p e r a t u r e  p r o f i l e  T / T p  ( s o l i d c u r v e ) ,  
w h e r e  T i s  the t e m p e r a t u r e  c o r r e s p o n d i n g  to the  f low of a f r o z e n  m i x t u r e  of  g a s e s  

P 
Yp = ( •  t) M 2 Pr (1 - -  w 2) / 2 c p - i -  I 

and the t e m p e r a t u r e  p r o f i l e  (open cu rve ) .  The  n u m b e r s  on the c u r v e s  c o r r e s p o n d  to f lows  at v a r i o u s  hi and 
Re n u m b e r s :  2) M= 2, R e =  100; 3) M = 3, Re = 100; 4) M= 1, Re = 100. F o r  c o m p a r i s o n  the r e d u c e d  t e m p e r a -  
t u r e  p r o f i l e  T/Tp i s  shown for  M = 3, Re = 100 and no d i f fu s ion  ( cu rve  1). F i g u r e  2 shows  the t e m p e r a t u r e  
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prof i le  (solid curve),  the p r e s s u r e  (dashed curve),  and  the density (dot-dash curve): 1) M = 0.2, Re = 100; 2) 
M= 2, Re=  1000; 3) M= 2, Re= 100; 4) M=- 3, Re= 100; 5) M= 2, Re=  20. 

F igure  3 shows p ro f i l e s  of the reduced concent ra t ions-c  of wa te r  vapor  (solid curves) and m o l e c u l a r  
hydrogen (open curves) corresponding to flows with Re=  100 and va r ious  M values:  1) M= 1; 2) M = 2; 3) 
M = 3 .  

F igure  4 shows prof i l es  of the reduced concentra t ions  of carbon monoxide (solid curves) and carbon 
dioxide (open curves) .  The num ber s  on the cu rves  and the va lues  of the flow p a r a m e t e r s  a re  the same as  
in Fig. 3. 
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